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We study the generation of electromagnetic fields during inflation when the conformal invariance
of Maxwell’s action is broken by the kinetic coupling f2(φ)FµνF
µν of the electromagnetic field to
the inflaton field φ. We consider the case where the coupling function f(φ) decreases in time during
inflation and, as a result, the electric component of the energy density dominates over the magnetic
one. The system of equations which governs the joint evolution of the scale factor, inflaton field,
and electric energy density is derived. The backreaction occurs when the electric energy density
becomes as large as the product of the slow-roll parameter ǫ and inflaton energy density, ρE ∼ ǫρinf .
It affects the inflaton field evolution and leads to the scale-invariant electric power spectrum and
the magnetic one which is blue with the spectral index nB = 2 for any decreasing coupling function.
This gives an upper limit on the present-day value of observed magnetic fields below 10−22G. It is
worth emphasizing that since the effective electric charge of particles eeff = e/f is suppressed by the
coupling function, the Schwinger effect becomes important only at the late stages of inflation when
the inflaton field is close to the minimum of its potential. The Schwinger effect abruptly decreases
the value of the electric field, helping to finish the inflation stage and enter the stage of preheating.
It effectively produces the charged particles, implementing the Schwinger reheating scenario even
before the fast oscillations of the inflaton. The numerical analysis is carried out in the Starobinsky
model of inflation for the powerlike f ∝ aα and Ratra-type f = exp(βφ/Mp) coupling functions.
PACS numbers: 98.80.Cq, 04.62.+v
Keywords: magnetogenesis, kinetic coupling, backreaction, Schwinger effect
I. INTRODUCTION
One of the important problems of modern cosmology is the origin of the magnetic fields which are present at all
scales in the Universe [1–8], especially of the magnetic fields detected in the cosmic voids through the gamma-ray
observations of distant blazars [9–13] with very large coherence scale λB & 1Mpc. Together with the observations of
the cosmic microwave background (CMB) [8, 14–17] and ultrahigh-energy cosmic rays [18] this implies the following
constraints on the strength of these fields: 10−18 . B0 . 10−9G. If the correlation length of the magnetic field is
λB . 1Mpc, the minimal needed magnetic field strength is larger by the factor (λB/1Mpc)
−1/2 [9, 11–13].
Observed intergalactic magnetic fields can have either astrophysical or primordial origin, and both magnetogenesis
scenarios are currently under discussion. Although astrophysical mechanisms based on a Biermann battery [19–21]
have been proposed to generate the “seed” magnetic fields and different types of dynamo can enhance them [22–25],
it is problematic to embed the magnetic fields with a large correlation length into the cosmic voids. Therefore, the
primordial origin of the large scale magnetic fields seems to be more realistic. In particular, the phase transitions in
the early Universe may lead to the magnetic fields of the necessary strength [26–31]. However, their coherence length
is determined by the horizon size at the moment of phase transition and is much less than Mpc today. Then the most
natural is the inflationary magnetogenesis, proposed in Refs. [32, 33], which can easily attain very large coherence
length.
Since Maxwell’s action is conformally invariant, the fluctuations of the electromagnetic field do not undergo en-
hancement in the conformally flat inflationary background [34]. In order to generate electromagnetic fields we need to
break the conformal invariance. This can be done by introducing the interaction with scalar or pseudoscalar inflaton
fields or curvature scalar (see, e.g., the pioneer works [32, 33, 35, 36]). In our study we consider the kinetic coupling
of the electromagnetic field to the scalar inflaton via the term f2(φ)FµνF
µν , which was first introduced by Ratra [33]
and has been revisited many times for different types of coupling functions [37–45].
This model modifies the standard electromagnetic Lagrangian, multiplying it by the function of the inflaton field.
As it was mentioned in [40], if one rescales the electromagnetic potential in order to absorb f2, electric charges of
2particles effectively will depend on f−1. Therefore, to avoid the strong coupling problem during inflation one needs
to require f ≥ 1. Since the inflaton field and the scale factor change monotonously during inflation it is natural to
assume that the coupling function is a decreasing function during inflation which attains large values in the beginning.
For decreasing coupling functions, it is well known that the electric energy density dominates the magnetic one
[39, 40, 44] and if we try to generate the magnetic field strong enough to be in accord with the observations, the
electric field appears to be even stronger and its energy density exceeds that of the inflaton field. This is known as
the backreaction problem. In previous studies, the authors tried to avoid this problem, because it does not allow us
to solve the background equations and Maxwell equation separately [39, 40, 42, 43]. However, it is interesting what
happens when the backreaction becomes important and whether the amplification really stops in this regime. These
are open questions in the literature.
Since strong electric fields could be generated during inflation, the pair creation in a strong electric field, which is
known as the Schwinger effect [46], can become important and affect the magnetogenesis. The Schwinger effect in the
constant and homogeneous background electric field in de Sitter space-time was investigated by many authors [47–60].
The cases of (1+1)-dimensional [47, 50, 51], (2+1)-dimensional [49], and (3+1)-dimensional [48, 52, 53, 57, 58] de
Sitter space-time with scalar [47–49, 53, 57–59] and spinor charged fields [50–52, 57, 58], including also an external
magnetic field [56], were investigated. It is important to note that constant electric energy density is considered rather
than the case of a constant comoving electric field. According to Ref. [61], maintaining this regime would require the
existence of ad hoc currents that could violate the second law of thermodynamics.
The cosmological Schwinger effect relates the particle production by an electric field and the exponential expansion
of the Universe and contains interesting features which are absent in its flat-space counterpart, namely (i) the infrared
hyperconductivity in the bosonic case when the conductivity becomes very large in the limit of small mass of charged
particles and (ii) the negative conductivity in the weak-field regime eE ≪ H2 which can, in principle, lead to the
enhancement of the electric field.
The induced current of created particles obtained by direct averaging of the corresponding current operator contains
ultraviolet divergences, which can be regularized using adiabatic subtraction [48, 52] or the point-splitting method
[53]. Although these techniques remove the divergent parts, the finite part is not uniquely defined and depends on
the applied subtraction scheme. Adiabatic subtraction to the second order in the adiabaticity parameter and point-
splitting regularization define the minimal subtraction scheme which is commonly used. However, in the massive
limit, when the particle’s mass is much greater than the Hubble parameter, the current and conductivity contain
exponentially unsuppressed terms, which is not consistent with the standard Bogolyubov calculations. In order to
eliminate this discrepancy the authors of Ref. [57] proposed a new maximal subtraction scheme, which normalizes the
behavior of the current in the massive case. However, the main features in the small mass regime remain the same
and the infrared hyperconductivity in the scalar case is observed [48, 53].
In addition, the charged particles show negative conductivity in the weak-field regime, which can lead to an in-
stability and an avalanchelike enhancement of electric field up to a certain critical value [52, 58]. In the very recent
article [59] Stahl considers a possibility to enhance the quantum fluctuations of the electromagnetic field even without
interaction with an inflaton. However, the negative conductivity is rather speculative [57, 58] and may be an artifact
of used subtraction schemes.
An attempt to combine the generation of the electromagnetic field due to kinetic coupling with the inflaton, the
Schwinger effect and the backreaction into a consistent picture was made in Ref. [62]. It was shown that the expressions
for the Schwinger current in the time-dependent electric background in the strong-field regime have the same functional
dependence as in the case of a constant electric field. However, the backreaction on the background evolution was
calculated perturbatively only in the first order, which is valid only at the early stages of inflation. The impact on
the generated magnetic field was not discussed as well.
This paper is organized as follows. We derive a self-consistent system of equations which describes the joint
evolution of the scale factor, inflaton field, and electric field energy density in Sec. II, where we take into account the
backreaction of generated fields on the background evolution and the Schwinger effect which is important at the late
stages of inflation. In Sec. III, we study the regime when the backreaction becomes important and analyze the main
features of the electromagnetic field power spectra generated in this regime. The results of numerical calculations of
the power spectra of generated fields and the present value of the magnetic field in the Starobinsky inflation model
for two types of coupling functions are represented in Sec. IV. The summary of the obtained results is given in Sec. V.
II. SELF-CONSISTENT SYSTEM OF EQUATIONS
We consider a spatially flat Friedmann-Lamaˆıtre-Robertson-Walker Universe with metric tensor
gµν = diag (1, −a2, −a2, −a2),
√−g = a3, (1)
3and use the natural system of units where ~ = c = 1, Mp = (8πG)
−1/2 = 2.4 · 1018GeV is a reduced Planck mass,
and e =
√
4πα ≈ 0.3 is the absolute value of the electron’s charge.
The action which describes inflaton field φ, electromagnetic field Aµ, and charged field χ (either bosonic or fermionic)
reads
S =
∫
d4x
√−g
[
1
2
gµν∂µφ∂νφ− V (φ)− 1
4
f2(φ)gµαgνβFµνFαβ + Lcharged(A,χ)
]
, (2)
where V (φ) is the inflaton effective potential; f(φ) is the kinetic coupling function; and Lcharged(A,χ) is a gauge-
invariant Lagrangian of the charged field χ interacting with the electromagnetic field Aµ.
The corresponding Euler-Lagrange equations have the form
1√−g∂µ
[√−ggµν∂νφ]+ dV
dφ
= −1
2
ff ′FµνFµν , (3)
1√−g∂µ
[√−ggµαgνβf2(φ)Fαβ] = −jν , (4)
where the 4-current is defined as usual
jµ =
∂Lcharged(A,χ)
∂Aµ
. (5)
The right-hand side of Eq. (3) describes the backreaction of created electric fields on the evolution of the inflaton
field.
Evolution of the Universe is driven by the total energy density of all fields. It can be calculated as the 00-component
of the stress-energy tensor. The latter is defined as usual as
Tµν =
2√−g
δS
δgµν
= ∂µφ∂νφ− f2(φ)gαβFµαFνβ − gµνL0 + T (charged)µν , (6)
where L0 is the Lagrangian density of the inflaton and electromagnetic fields which is represented by the first three
terms in the square brackets in Eq. (2).
In the simplest case the inflaton field is spatially homogeneous. If the coupling function f(φ) always decreases in
time, then it is well known [39, 40] that the electric component of the created electromagnetic field dominates the
magnetic one and leads to the backreaction problem. Therefore, we take into account the presence of electric field
F0i = a(t)Ei(t) and neglect the magnetic component Fij = a
2εijkBk ≈ 0. Then the energy density reads
ρ =
[
1
2
φ˙2 + V (φ)
]
+
1
2
f2E2 + ρχ = ρinf + ρE + ρχ, (7)
where ρχ is the energy density of the charged particles produced by the Schwinger effect.
The Friedmann, Klein-Gordon, and Maxwell equations take the following form:
H2 =
(
a˙
a
)2
=
1
3M2p
(ρinf + ρE + ρχ) , (8)
φ¨+ 3Hφ˙+
dV
dφ
= f(φ)f ′(φ)E2(t), (9)
∂t
(
a2f2Ei
)
= −aji, (10)
where overdots denote the derivatives with respect to cosmic time and the prime denotes the derivative with respect
to the inflaton field.
It has to be mentioned that we consider the classical electric field, which is generated from quantum fluctuations due
to interaction with the inflaton. It is useful to analyze the mode composition of this field. When the modes are inside
the horizon they oscillate in time and have to be treated as quantum fluctuations. However, when they cross the horizon
the mode functions start to behave monotonically and can be chosen real. According to Ref. [63], this corresponds
to the quantum-to-classical transition and these modes can be treated classically. Therefore, the contribution to the
electric field is made only by the modes, which are outside the horizon. Since their wavelength is larger than the
horizon, i.e. the largest observable scale, the corresponding electric field can be considered homogeneous.
4A. Equation for electric field energy density
It is convenient to rewrite the Maxwell equation (10) in terms of electric field energy density ρE = f
2E2/2:
ρ˙E + 4HρE + 2
f˙
f
ρE = −1
a
(E · j) . (11)
The “classical” part of the electric energy density at a certain moment of time is determined by the modes, which
crossed the horizon from the beginning of inflation till the moment under consideration:
ρE(t) =
∫ kH (t)
ki
dk
dρE
dk
(t), kH(t) = a(t)H(t), (12)
where ki is the momentum of the mode which crosses the horizon at the beginning of inflation.
However, Eq. (11) does not take into account the fact that the number of relevant modes with wavelength larger
than the horizon changes in time. In order to deal with this, we should introduce an additional term which describes
the modes crossing the horizon at a given time t and starting to contribute to the total energy density of the electric
field:
(ρ˙E)H =
dρE
dk
∣∣∣∣
k=kH
· dkH
dt
. (13)
The power spectra of electric and magnetic fields are expressed through the mode function of the electromagnetic
field A(k, t) in the standard way [39]:
dρE
dk
=
f2
2π2
k2
a2
∣∣∣∣ ∂∂tA(k, t)f(t)
∣∣∣∣
2
, (14)
dρB
dk
=
1
2π2
k4
a4
|A(k, t)|2 . (15)
This mode function satisfies the following equation (in the conformal time η):
∂2Ak
∂η2
+
(
k2 − 1
f
∂2f
∂η2
)
Ak = 0, (16)
and the initial conditions for the modes inside the horizon have the form of the Bunch-Davies vacuum
A(k, t) = 1√
2k
e−ikη(t), kη(t)→ −∞. (17)
When a certain mode crosses the horizon it changes its dependence on time from oscillatory to monotonous. We
can assume that at the moment of horizon crossing its behavior is still approximately described by Eq. (17). Then
∣∣∣∣ ∂∂t A(k, t)f(t)
∣∣∣∣
2
≈ 1
2kf2

k2
a2
+
(
f˙
f
)2 (18)
and the “boundary” term (13) takes the form
(ρ˙E)H =
f2
2π2
k2
a2
1
2kf2

k2
a2
+
(
f˙
f
)2
∣∣∣∣∣∣
k=kH
· dkH
dt
=
H3
4π2

H2 +
(
f˙
f
)2 (19)
Finally, the equation which governs the behavior of electric field energy density is given by
ρ˙E + 4HρE + 2
f˙
f
ρE = −1
a
(E · j) + H
3
4π2

H2 +
(
f˙
f
)2 . (20)
5It is possible to derive Eq. (20) in an alternative way by inspecting the time dependence of the electric power
spectrum. In the deeply subhorizon regime k ≫ aH the mode function takes the value of the Bunch-Davies initial
conditions (17). Far outside the horizon k ≪ aH , the solution of Eq. (16) is
Ak
f
= C1 + C2
∫ t
tk
dt′
a(t′)f2(t′)
,
∂
∂t
Ak
f
=
C2
af2
. (21)
Matching solutions (17) and (21) at the moment of horizon crossing tk when k = aH , we find
C1 =
e−ikηk√
2kfk
, C2 = −e
−ikηkakfk√
2k
[
iHk +
f˙k
fk
]
, (22)
where all the quantities with subscript k must be taken at the moment of horizon crossing tk. Then, using Eqs. (14)–
(15), we can write the power spectra of generated fields as follows:
dρE
d ln k
=
1
2π2a4f2
k3|C2(k)|2 = k
4
4π2a4
f2k
f2

1 +
(
1
Hk
f˙k
fk
)2 , (23)
dρB
d ln k
=
1
2π2a4
f2k5
∣∣∣∣C1(k) + C2(k)
∫ t
tk
dt′
a(t′)f2(t′)
∣∣∣∣
2
=
=
k4
4π2a4
f2
f2k
∣∣∣∣∣1−
(
i+
1
Hk
f˙k
fk
)
Hk
∫ t
tk
akf
2
k
a(t′)f2(t′)
dt′
∣∣∣∣∣
2
. (24)
Integrating Eq. (23) over modes outside the horizon at a given moment of time, we obtain the energy density of
the electric field:
ρE(t) =
1
a4f2
∫ kH (t)
ki
S(k), S(k) =
k3f2k
4π2

1 +
(
1
Hk
f˙k
fk
)2 , (25)
where S(k) is a function which only depends on momentum k and is time independent. Then, obviously, the time
derivative of the energy density equals
ρ˙E = −4HρE − 2 f˙
f
ρE +
1
a4f2
S(kH)
dkH
dt
. (26)
Taking into account that tk(k = kH) ≡ t, we obtain Eq. (20) without the Schwinger term, which was also absent in
Eq. (16) and could be added in the final equation phenomenologically.
However, it is impossible to derive a similar equation for the magnetic energy density, because the terms proportional
to C1 and C2 in Eq. (24), in general, have different behaviors in time and their relative contribution could change
during the time evolution. In other words, the time dependence of the magnetic power spectrum cannot be extracted
in the form of a universal function like in the case of electric field energy density (23).
At the moment of horizon crossing there is only the term in Eq. (24), proportional to C1 because the integral
vanishes. If af2 is an increasing function, then the second term is a decaying mode and it can be neglected. In this
case it is possible to obtain the equation for the magnetic energy density. However it is not interesting, because the
coupling function decreases slower than a−1/2 and the generated electromagnetic fields are too small to explain the
observational data [39]. We do not take into account the possibility of a growing coupling function because it causes
the strong coupling problem in the beginning of inflation.
To derive the boundary term in Eq. (20) we used the decomposition of the electromagnetic field operator over the
set of Fourier modes. However, in the presence of the Schwinger current, strictly speaking, this is not advantageous
because this current has a nonlinear dependence on the electric field. Nevertheless, we will show in the following
sections that the Schwinger effect is important only at the late stages of inflation when the electric field energy
density is large and the boundary term is negligible in comparison with other terms in Eq. (20). On the contrary,
at the beginning of inflation when the electric energy density is close to zero, the boundary term is very important
because it generates the initial value of the electric field which will be enhanced due to the interaction with the
inflaton. At that time the Schwinger effect is negligibly small and can be excluded from the consideration. This
justifies our derivation.
6B. Schwinger effect
To close the system of equations we need two other equations which determine the Schwinger current j and the
energy density of particles ρχ created via the Schwinger process.
We will use the expressions for the Schwinger currents derived in the minimal subtraction scheme in Refs. [48, 52].
The general expressions are rather cumbersome. Therefore, it is more convenient to use their asymptotics governed
by the parameters
M =
m
H
, L =
eE
H2
=
e
f
√
2ρE
H4
, (27)
where m is a charged particle’s mass, and the effective charge eeff = e/f naturally appears in the second expression.
Since the electric energy density always satisfies ρE . ρtot = 3H
2M2p when the backreaction is taken into account,
the parameter L is damped by the effective charge during almost the entire period of inflation and can become large
only at the end, when the inflaton field quickly rolls down to the minimum of its potential and f → 1. The typical
value of the Hubble parameter, which can be fixed from the observations of the amplitude of primordial perturbations
[64], is H ∼ 10−5Mp ∼ 1013GeV. On the other hand, the lightest charged spin-1/2 particle, the electron, has a
mass m ∼ 10−3GeV and the lightest charged scalar particle, the pion, has a mass m ∼ 0.1GeV. Therefore, we are
interested in the small mass limit M ≪ 1.
In the weak-field regime, L≪ 1, the fermionic Schwinger current has the form [52]
jf =
aH3
18π2
(
6 ln
m
H
+ 6γE − 1
) e2E
H2
, (28)
where γE ≈ −0.577 is the Euler’s constant. It is important to note that the current is always negative in the low
mass limit m < H and, in principle, can lead to the enhancement of the electric field [59].
In the bosonic case the current is positive; however, it has a very large value in the low mass regime as it diverges
like 1/M2 at M → 0 [48, 53]:
jb =
3aH3
4π2
e2E
m2
. (29)
In the literature this phenomenon is often called the infrared hyperconductivity. It has to be mentioned that this
expression is valid in the extremely low field regime, when L ≪ M ≪ 1. When L becomes larger than M , the
current quickly diminishes to the values comparable with the fermionic case (28) and in the region L ∼ 1 the negative
conductivity can be observed [53].
Expressing the dissipation term on the right-hand side of Eq. (20) in terms of ρE , we obtain
1
a
(jb ·E) = 3
2π2
e2
f2
H3
m2
ρE , (30)
1
a
(jf ·E) = 1
9π2
e2
f2
(
6 ln
m
H
+ 6γE − 1
)
HρE . (31)
It has to be compared with the main terms in Eq. (20) which are of order HρE . For scalar particles, the weak-field
expression (30) becomes important when
e
πf
&
m
H
. (32)
The corresponding L-parameter must be smaller than M , which gives
L =
e
f
√
2ρE
H2
.
m
H
. (33)
This implies that at the moment when expression (30) may be important the electric energy density ρE ∼ H4 ≪ ρtot.
This can take place only at the early stages of inflation when the coupling function is very large. Therefore, the two
inequalities (32) and (33) can be satisfied simultaneously either for the extremely low masses or in the case where the
coupling function changes not very strongly during inflation. Both cases are unfavorable from the point of view of
magnetogenesis as the generated magnetic fields would be very weak: in the first case the magnetogenesis terminates
too early, and in the second case the enhancement can be insufficiently strong to explain the observational data. In
7any case, before going to the strong-field regime L≫ 1 one has to check that at least one of the inequalities is violated.
This can be done only numerically for each choice of the coupling function.
For spin-1/2 particles, as well as for the bosons in the region M ≪ L . 1, the weak-field expression (31) could play
a role only if e/(πf) & 1. However, this is never achieved during inflation, because e/π < 1 and f(φ) > 1. Although
the negative conductivity seems to be advantageous for the generation of an electric field, in the kinetic coupling
model it has no effect. Therefore, for fermions, one has to consider only the strong-field regime.
The strong-field expressions for the scalar and spinor Schwinger currents are very similar and have the form
js =
ags
12π3
e3E2
H
sign (eE)e−
pim2
|eE| , s = b, f . (34)
where gb = 1 and gf = 2 are the numbers of spin degrees of freedom. Expressing the Schwinger term in Eq. (20) in
terms of energy density, we obtain
1
a
(js · E) = gs
3
√
2π3
e3
f3
ρ
3/2
E
H
e
− f
e
pim2√
2ρE . (35)
This term becomes comparable with HρE only at the late stages of inflation when
f .
e
π
(
Mp
H
)1/3
. (36)
In this case, the parameter L is really large
L ∼
(
πf
e
)2
≫ 1 (37)
and expression (35) is applicable.
Thus, the strong-field regime could become efficient only in the late stages of inflation, when the inflaton field [and
the coupling function f(φ)] changes very quickly. This results in an abrupt decrease of the electric energy density due
to a high conductivity of produced plasma. Therefore, the main role of the Schwinger effect is to stop the generation of
electromagnetic fields. After the effect turns on the magnetic field evolves according to the magnetic flux conservation
law, i.e. B ∝ a−2. Therefore, the magnetic field power spectrum has to be determined before the Schwinger effect
turns on.
It is important to mention that all the expressions for the Schwinger current were obtained in the case of a constant
electric field energy density. However, such a behavior cannot be realized in an expanding Universe without some
artificial currents which in addition could violate the second law of thermodynamics [61]. Moreover, under the real
circumstances, the electric field is time dependent and often grows very quickly. Nevertheless, the induced current
due to Schwinger pair production was evaluated in Ref. [62] in the time-dependent electric background generated due
to the kinetic coupling with the inflaton. The author considers the powerlike coupling function, f ∝ aα, and pays
particular attention to the case α = 2. The strong-field expression (4.21) in Ref. [62] for the induced current in the
case α = 2 can be rewritten in our notations as follows:
jb =
a
28π3
e3E2
H
sign (eE),
which differs from our Eq. (34) only by a factor of 3/7 which is of the order unity. Therefore, our expression has the
correct functional dependence and can be used for the numerical analysis of the Schwinger effect.
Finally, we also need an equation governing the evolution of the created particles. It is natural to require that the
energy dissipated by electromagnetic fields be transfered into created particles. Then, the energy density of produced
particles can be described phenomenologically by the following equation:
ρ˙χ + 4Hρχ =
1
a
(j ·E), (38)
where the source term is given by Eq. (35) [or by Eq. (30) if the weak-field regime for the scalar particles appears to be
effective]. Since we consider the particles’ masses smaller than the Hubble parameter, we treat the created particles
as ultrarelativistic, which leads to the factor 4H in the above equation.
8III. POWER SPECTRA IN THE BACKREACTION REGIME
When the electric field energy density becomes large enough, the backreaction can change the regime of evolution of
the inflaton field. Let us estimate the corresponding density when the backreaction starts to influence the background
evolution. For this purpose, we consider Eq. (9), in which the right-hand side can be rewritten as follows:
φ¨+ 3Hφ˙+ V ′φ = 2(ln f)
′ρE . (39)
We suppose that for a short time near the moment of the backreaction occurrence the coupling function behaves
like a power of the scale factor f ∝ a−γ , γ > 0 (we will see that just after entering the new regime of evolution γ ≃ 2
independently of the explicit expression of the coupling function). Then we have
(ln f)′ =
1
φ˙
d ln f
dt
= −γH
φ˙
. (40)
Since inflation proceeds most of the time in the slow-roll regime, we can neglect the term with the second derivative
in Eq. (39). Then we obtain the following relation:
3Hφ˙
(
1 +
2γ
3
ρE
φ˙2
)
+ V ′φ = 0. (41)
It is obvious that the new regime appears when the second term in the brackets becomes of order unity, because in
this case the time derivative φ˙ has to decrease in order to preserve the product (here we take into account that V ′φ as
a function of φ but not φ˙ feels the changes later, when the field significantly deviates from its original trajectory). In
other words, the backreaction becomes important when
ρE ∼ 3
2γ
φ˙2 ≃ V
γ
M2p
2
(
V ′φ
V
)2
∼ ǫV ∼ ǫρinf . (42)
Therefore, the backreaction occurs even earlier than the electric energy density becomes comparable with the inflaton
energy density. As a result, the Friedmann equation (8) does not feel directly the energy density of the generated
field but only through the inflaton.
We would also like to mention that if the coupling function depended only on the curvature or scale factor but not
on the inflaton field directly, there would not be the right-hand side in Eq. (39), and the only place where the electric
energy density could cause the backreaction would be the Friedmann equation (8). In this case, the backreaction
would occur when the electric energy density became comparable with that of the inflaton, i.e. ρE ∼ ρinf . Firstly, the
scale factor evolution would change in accordance with the Friedmann equation and after that the scalar field would
feel it.
We would like to emphasize that Eq. (42) was derived by using the two approximations: (i) the slow-roll regime
(we neglected φ¨) and (ii) that the electric energy density only begins to influence the evolution [the additional term
in the parentheses in Eq. (41) is of the order unity]. Therefore, Eq. (42) can be used only to estimate the value of
the electric energy density when the backreaction becomes important. During further evolution (especially at the
end of inflation) the value of ρE can be determined only numerically and is shown in Figs. 1(a) and 5(a) for the two
particular choices of the coupling function.
Now, let us look at Eq. (20) without the Schwinger term. When the backreaction regime is established, the
electric energy density becomes almost constant and its time derivative is small in comparison with the other terms,
ρ˙E ≪ HρE . The boundary term on the right-hand side is important only at the early stages when the energy density
is close to zero. When ρE ∼ ǫH2M2p , H5 ≪ HρE for H ≪ Mp/
√
ǫ. Consequently, ρE can be neglected. Then the
two remaining terms must cancel out their leading contributions that give the condition
2H +
f˙
f
≃ 0, (43)
which immediately implies
a2f = const (44)
independently of the initial time dependence of the coupling function.
9This fact allows us to estimate the behavior of electric and magnetic power spectra for modes which cross the
horizon after the backreaction regime becomes relevant. For such modes,
f˙k/fk = 2Hk, fk =
C
a2k
∝ k−2,
∫ t
tk
akf
2
k
af2
dt′ =
1
3H
(
a
ak
)3
∝ k−3. (45)
Substituting these expressions into Eqs. (23)-(24), we obtain
dρE
d ln k
∝ k0, dρB
d ln k
∝ k2. (46)
Since the backreaction regime once established lasts until the end of inflation (or until the Schwinger effect turns
on), the last mode which crosses the horizon just before the end has no time to be enhanced. Therefore, we have the
following expressions for the power spectra (up to a factor of order unity):
dρE
d ln k
=
H4
4π2
,
dρB
d ln k
=
H4
4π2
(
k
aeH
)2
. (47)
The present-day value of the observed magnetic field is determined by all relevant modes which can survive the
further evolution of the Universe. Assuming the flux conservation, we have
B0 =
(
ae
a0
)2√
2
∫ kdiff
aiH
dk
k
dρB
d ln k
, (48)
where kdiff is the momentum which now corresponds to the cosmic diffusion scale, i.e., the smallest size of magnetic
configuration which can survive the cosmic diffusion in the late stages of the Universe’s evolution. It could be estimated
as kdiff/a0 ∼ 1A.U.−1 = 1.3 · 10−27GeV [2].
If the backreaction occurs well before kdiff crosses the horizon, then the magnetic power spectrum will have a blue
tilt and the main contribution to the magnetic field comes from the upper integration bound
B0 =
(
ae
a0
)2
H2
2π
(
kdiff
aeH
)
. (49)
The value of a0ae can be found from the fact that the pivot scale k∗ crosses the horizon N∗ e-folds before the end of
inflation:
a0
ae
=
a∗
ae
a0H∗
k∗
= e−N∗
a0H∗
k∗
. (50)
Then the present-day strength of the magnetic field is given by the following expression:
B0 =
M2p
2π
(
kdiff
a0Mp
)(
k∗
a0Mp
)
eN∗ =
= (1.6 · 10−23G)
[
1A.U.
rdiff
] [
500Mpc
λ∗
]
eN∗−60. (51)
This equation sets the upper bound on the present value of the generated magnetic field in models where the
backreaction regime is established well before the shortest relevant mode crosses the horizon. However, this estimate
is incorrect in the case where the backreaction occurs after kdiff crosses the horizon. This situation will be considered
numerically in the next section.
IV. NUMERICAL RESULTS
In this section we analyze the process of electromagnetic field generation numerically. In order to be specific, we
consider the Starobinsky model of inflation, which is favored by the latest results of the Planck Collaboration [64].
The inflaton potential in this model has the form
V (φ) =
3
4
µ2M2p
(
1− exp
[
−
√
2
3
φ
Mp
])2
, (52)
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where the parameter µ can be fixed by the requirement that the amplitude of primordial scalar perturbations at the
moment when the pivot mode k∗ crosses the horizon agrees with the CMB observations [64] and equals
PR =
(
H2
2π|φ˙|
)2∣∣∣∣∣
N∗
= 2.1 · 10−9. (53)
From Eqs. (8) and (9) in the slow-roll regime, taking H2 = V/(3M2p ) we find
φ˙ = − 1
3H
V ′φ = −
√
2
3
µMp exp
(
−
√
2
3
φ
Mp
)
. (54)
Substituting it into Eq. (53), we find the value of the parameter µ,
µ
Mp
=
2π
√
2PR/3
sinh2
(
φ∗√
6Mp
) , (55)
where φ∗ is the value of the inflaton field when the pivot scale k∗ crosses the horizon. Now, for fixed k∗ and PR, the
only parameter of the model is φ∗. It can be found numerically from the requirement that the horizon crossing of the
mode k∗ happens at N∗ e-folds before the end of inflation.
In order to solve the system of Eqs. (8), (9) and (20) numerically, we impose the following initial conditions:
a(0) = 1, φ(0) = φ0, φ˙(0) = − V
′(φ0)√
3V (φ0)
, ρE(0) = ρχ(0) = 0, (56)
where φ0 has to be larger than φ∗ because we wish to consider all physically relevant modes which, of course, include
the pivot scale k∗.
The system of Eqs. (8), (9), and (20) determines how electric energy density evolves in time and does not allow one
to extract the time evolution of the magnetic field which is the main purpose of our analysis. However, in the case
ρB ≪ ρE , it is possible to calculate the magnetic power spectrum perturbatively. Using the solution of Eqs. (8), (9)
and (20) as a background, we numerically integrate Eq. (16) with the initial conditions (17) for all modes which cross
the horizon during the inflation stage (until the moment when the Schwinger effect turns on). Then, using the mode
functions, we calculate the magnetic field power spectrum (15) and compare it with the background electric energy
density. If ρB ≪ ρE , our approach is self-consistent. After that the present-day value of the magnetic field can be
calculated using Eq. (48).
We determine the time evolution of the magnetic energy density numerically by using Eq. (16), where the Schwinger
effect is taken into account only indirectly through the evolution of the inflaton field. The latter is influenced by the
electric field density whose dynamics is directly affected by the Schwinger term. A more self-consistent approach would
require the inclusion of the Schwinger source term directly on the right-hand side of Eq. (16). However, including
such a term is a nontrivial problem, because the Schwinger current depends on the total electric energy density and,
therefore, contains contributions from all modes which undergo enhancement. Due to this fact all modes are coupled
and there is no possibility to solve Eq. (16) for each separate mode.
There are some general physical arguments which can help to determine the behavior of the magnetic energy density.
The Schwinger effect produces charged particles which form plasma. Due to the high conductivity of the latter the
electric field significantly decreases and the magnetic field becomes “frozen-in” and starts to evolve in accordance with
the flux conservation law, namely B ∝ a−2. We use this fact to calculate the present-day value of the magnetic field
(48).
We consider the two types of coupling functions which are the most popular in the literature, the function which
scales like f ∝ aα and the Ratra coupling function, f = exp(βφ/Mp). We would like to mention that for both
coupling functions and relevant values of the parameters α and β the infrared hyperconductivity in the bosonic
Schwinger current plays no role for the masses m > mpi ∼ 0.1GeV; therefore, in our analysis we use the strong-field
expressions for the Schwinger current (35).
A. Coupling function f ∝ aα
Here we choose the coupling function which behaves as f ∝ aα during the slow-roll inflation. By using Eqs. (8) and
(9), we can express it in the slow-roll regime in terms of the inflaton field as follows:
f(φ) = exp
[
3α
4
(
1 +
√
2
3
φ
Mp
− e
√
2
3
φ
Mp
)]
. (57)
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Since the coupling function primarily depends on the inflaton field φ rather than on the scale factor and it is difficult
to think of the mechanism which ensures scaling ∝ aα, we will consider expression (57) as a definition that gives the
scaling f ∝ aα in the slow-roll regime.
It is instructive to verify Eq. (20) analytically for the above coupling function in de Sitter space-time with constantH .
Martin and Yokoyama showed [39] that the electric field contribution dominates over the magnetic field contribution
in this case and its power spectrum is given by
dρE
d ln k
=
H4
2π2
G(α)
(
k
aH
)2α+4
, G(α) =
π
22α+3Γ2(α+ 3/2) cos2(πα)
. (58)
Then the total energy density of the superhorizon modes equals
ρE =
∫ aH
H
dk
k
dρE
d ln k
=
H4
2π2
G(α)
(2α+ 4)
(
1− a−(2α+4)
)
. (59)
Substituting (59) into the left-hand side of Eq. (20), we obtain
ρ˙E + 4HρE + 2
f˙
f
ρE =
H5
2π2
G(α). (60)
In the absence of charged fields, the right-hand side for f ∼ aα reads
H5
4π2
(1 + α2). (61)
We see that they have similar parametric behavior and differ only by a factor of order unity. Therefore, the approximate
expression (19) is acceptable.
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Figure 1. The time dependence of the electric energy density (a) and the inflaton field (b) for the powerlike coupling function
with α = −2.5. The green dashed-dotted lines show the case where the backreaction and Schwinger effect are not taken into
account; the red dashed lines correspond to the case when the backreaction is included and the Schwinger effect is absent.
Finally, the blue solid lines take into account the Schwinger effect. The purple dotted line in panel (a) shows the total energy
density ρtot = 3H
2M2p .
Further, we will perform a numerical analysis of the system. We set α = −2.5 (so that the backreaction problem
really occurs) and show in Fig. 1 the time dependencies of the electric field energy density and the inflaton field. At
first, we consider only the situation when the backreaction from electric field is present in Eqs. (8) and (9) and the
Schwinger effect is absent (see the red dashed lines in Fig. 1). In other words, this corresponds to the situation when
there are no charged fields in the Universe.
It is obvious that at low energy density the evolution is the same as for the case without backreaction. Since the
coupling function for α < −2 decreases faster than a2 all the time, the third term on the left-hand side of Eq. (20),
which is negative, is always stronger than the second one, which is positive. Hence their interplay leads to the
enhancement of the electric field energy density like ∝ a2|α|−4; see Eq. (59). Each separate mode starts to grow just
after it crossed the horizon and the earlier it crossed, the larger amplitude it will have. This leads to a red-tilted
power spectrum in the regime without backreaction, reported in Ref. [39] and which can be seen in Fig. 3. However, a
12
different behavior arises when the electric field becomes strong enough to affect the background evolution equations.
In this case it slows down the rolling of the scalar field. Also, as it was shown in Sec. III, the coupling function evolves
approximately like ∝ a−2 and the two terms in Eq. (20) almost compensate each other. In this regime, the electric
field energy density becomes almost constant until the end of inflation. The backreaction prolongs also inflation.
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Figure 2. The time dependence of the electric energy density (blue solid line), the total energy density (red dashed line), and
the energy density of the charged particles generated due to the Schwinger process (green dashed-dotted line) for a powerlike
coupling function with α = −2.5. The time dependence of the magnetic energy density calculated perturbatively is shown by
the purple dots (without taking into account the Schwinger effect). The black dotted line shows the adiabatic evolution of the
magnetic energy density, ρB ∝ a
−4, after the Schwinger effect is turned on.
Finally, we take into account the Schwinger effect. In numerical calculations we use the strong-field expression for
the Schwinger source term given by Eq. (35). Since it is proportional to the cube of effective charge e/f , the Schwinger
mechanism is inefficient during the early stages when f is very large. However, it becomes relevant at the late stages
and then strongly diminishes the electric field density [see the blue solid lines in Figs. 1(a) and 2].
The energy density of the charged particles created due to the Schwinger process also becomes non-negligible only
in the late stages. We plot its time dependence in Fig. 2 by the green dashed-dotted line. After the Schwinger effect
turns on it quickly transfers almost all the energy density from the electric field to the charged particles, starting
the process of reheating even before the fast oscillations of the inflaton field (the so-called “Schwinger reheating”
mentioned in Ref. [55]). It is important to note that the expression for the Schwinger current (35) was derived in de
Sitter space-time; therefore, its application during the stage of preheating is not well justified.
Finally, we carry out the perturbative calculation of the magnetic energy density. Using the background solutions
for the inflaton and scale factor we numerically solve the mode equation (16) for all modes which crossed the horizon
during inflation. Calculating the magnetic energy density at a given moment of time we include only the modes which
are outside the horizon at that moment. The corresponding dependence is shown in Fig. 2 by the purple dots. These
results confirm the applicability of the perturbative approach because the magnetic energy density is indeed much
smaller than the electric one. The time evolution of the magnetic energy density during the preheating stage in the
absence of the Schwinger effect is shown by purple dots in Fig. 2. It should be compared with the ρB ∝ a−4 behavior
plotted by the black dotted line which takes place when the Schwinger effect is present.
Then, we analyze the power spectra of generated fields and their dependence on the parameter α. Figure 3 shows
the electric [panel (a)] and magnetic [panel (b)] power spectra for three different values of the power α = −2.2, −2.5,
and −3 at the time when the Schwinger effect becomes efficient and inflation ends. We see that for modes which
cross the horizon before the backreaction becomes relevant the power spectrum behaves like in the case where the
backreaction is absent, i.e. dρE/d lnk ∝ k4+2α and dρB/d lnk ∝ k6+2α [39]. However, for shorter modes, which cross
the horizon after the setting of the backreaction regime, the power spectra have similar scaling, independent of α,
very close to that predicted in Eq. (47).
Having determined the magnetic power spectrum we can calculate the value of the magnetic field at the present
epoch using Eq. (48). We have to include all modes which crossed the horizon after the beginning of inflation and
which are longer than the cosmic diffusion scale that is estimated today as rdiff/a0 ∼ 1A.U. [2]. The dependence of
the present-day value of the magnetic field on the parameter α is shown in Fig. 4 for the two values of the number of
e-folds at which the pivot scale crosses the horizon, N∗ = 50 (red dashed line) and N∗ = 60 (blue solid line). Since
we know the value of the pivot scale today and we can calculate its value at the moment of horizon crossing in terms
of the Hubble parameter at that moment, we can find the total number of e-folds Ntot between these two moments of
time. Fixing the number of e-folds from the pivot scale horizon crossing to the end of inflation N∗
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Figure 3. The electric (a) and magnetic (b) power spectra in the model with powerlike coupling function f ∝ aα for
α = −2.2, −2.5, and −3. Left shaded regions correspond to the modes which are outside the horizon even before the be-
ginning of inflation. Right shaded regions correspond to the modes which have not crossed the horizon even until the end of
inflation and, hence, do not undergo enhancement. The vertical black dashed lines show the momentum which corresponds to
the cosmic diffusion scale kdiff/a∗.
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Figure 4. The dependence of the present-day value of the magnetic field on parameter α for two numbers of e-folds from the
moment of the pivot scale horizon crossing to the end of inflation, N∗ = 50 (red dashed curve) and N∗ = 60 (blue solid curve).
the number of e-folds from the end of inflation to today; see Eq. (50). Taking into account that the postinflationary
evolution of the magnetic field is approximately determined by the flux conservation, B ∼ a−2, and that its spectral
index is nB < 4, we conclude that the smaller N∗ we take, the smaller the value of the magnetic field we obtain,
which is obvious also from Fig. 4.
Since the magnetic power spectrum is blue [see Fig. 3(b)], the main contribution to the present-day value of the
magnetic field B0 is due to the modes with k . kdiff . For α > −2 the backreaction never occurs and the magnetic
power spectrum behaves like dρB/d lnk ∝ k6+2α; see e.g. Ref. [39]. Its spectral index, nB = 6 + 2α > 2, increases
with the increase of α and the amplitude of the spectrum has to decrease in order to match the unperturbed power
spectrum for the modes with k > kmax. As a result, the present-day value of the magnetic field is dependent on α
and falls when α increases. However, for α < −2 the backreaction starts to play an important role and modifies the
spectrum; see Fig. 3. In particular, for α . −2.2 it changes the spectrum for the modes, which are longer than the
cosmic diffusion scale, and influences the present-day value of the magnetic field. For lower values of α it becomes
independent of α and its value is in accordance with the upper value (51). The smaller-than-one-order-of-magnitude
discrepancy between the analytically derived limit (51) and the exact numerical value can be explained by the time
dependence of the Hubble parameter close to the end of inflation and by the slight deviation of the spectral index
from nB = 2. For −2.2 < α < −2, the backreaction becomes important only when the modes with k > kdiff exit
the horizon. As a result, for all the modes which contribute to B0, the spectrum is not described by Eq. (47) and
has the spectral index nB = 2α + 6 < 2; i.e., their spectrum is less steep than for α < −2.2. At the same time, the
amplitude of the spectrum is larger [see the green dashed-dotted line in Fig. 3(b) which is less steep and is located
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higher than the red dashed and blue solid lines]. This leads to larger values of B0 for −2.2 < α < −2 compared to
those for α < −2.2. This can be seen as a bump in Fig. 4.
As it was mentioned above, another feature of the generated magnetic field is its blue spectrum. This leads to very
small coherence scales, comparable to 1 A.U. at the present time. Since nB ≈ 2, the values of the large-scale magnetic
field on the Mpc scale are then 11 orders of magnitude smaller. In any case, the value of the magnetic field is too
small to be in accordance with observational data [9–13].
It is important to mention the problem of the models with a red-tilted power spectrum, which, in particular, we
have for α < −2. For such models it is very important when exactly the inflation starts, because all modes which
cross the horizon during inflation undergo enhancement and it is larger for modes which cross the horizon earlier. For
example, the power spectra in Fig. 3 and the present-day values of the magnetic field in Fig. 4 were calculated with the
assumption that the inflation lasts only Ne = 60 e-folds. However, if we assume that it started much earlier, this will
require us to include more modes from the infrared region and will lead to earlier setting of the backreaction regime.
As a result, for all modes of physical relevance (which crossed the horizon 50–60 e-folds before the end of inflation)
the evolution will occur in the backreaction regime and their power spectra will be given by Eq. (47). In other words,
if the inflation lasts much more than 60 e-folds, the power spectra of the generated electromagnetic fields for arbitrary
α < −2 will be equivalent to the case α = −2, because the electric power spectrum will be scale-invariant and the
magnetic one will have the spectral index nB ≈ 2. In this situation the principal upper bound on the present-day
magnetic field (51) is valid.
Our results are in accordance with Ref. [41], where the backreaction of the electric fields was taken into account
for the powerlike coupling function. We confirm that for all α < −2 in the backreaction regime the power spectra are
equivalent to the “attractor” case α = −2 and this strongly suppresses the generation of magnetic fields.
B. Ratra coupling function f = exp(βφ/Mp)
Another example is given by the coupling function of the Ratra type
f(φ) = exp(βφ/Mp). (62)
Magnetogenesis in the Starobinsky model with the kinetic coupling (62) was studied numerically in Ref. [44]. However,
not all relevant modes were taken into account and the backreaction was not correctly estimated. Here we determine
the electric and magnetic power spectra in this model taking into account the backreaction and Schwinger effect.
In the slow-roll regime and in the absence of backreaction, one can derive the following approximate expressions
for the time dependence of the scale factor and the inflaton field [44]:
a(t) = exp
(
µt
2
)[
1− t
te
]3/4
, (63)
φ(t) = φ0 +Mp
√
3
2
ln
[
1− t
te
]
, (64)
where te = 3e
√
2/3(φ0/Mp)/(2µ) is the moment of time close to the end of inflation when the slow-roll approximation
becomes inapplicable. Equation (63) makes it possible to define the moment of time tk when the mode with comoving
momentum k crosses the horizon
tk ≃ 2
µ
ln
2k
µ
. (65)
This expression is more accurate for long-wavelength modes, for which tk ≪ te = 2µNe, Ne = 34e
√
2
3
φ0
Mp . Then, using
Eq.(64), we can calculate fk:
fk = f(tk) ≃ eβφ0/Mp
(
1− tk
te
)√ 3
2
β
≈ eβφ0/Mpe− tkte
√
3
2
β = eβφ0/Mp
(
2k
µ
)−√ 3
2
β
Ne
. (66)
In addition, ∣∣∣∣∣ 1Hk
f˙k
fk
∣∣∣∣∣ ≃ 2
√
2/3βe−
√
2/3φ0/Mp
1− tkte
. 1. (67)
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Therefore, using Eq.(23), the electric power spectrum reads (setting f = 1 at the end of inflation)
dρE
d ln k
≃ k
4
4π2a4e
f2k ≃
H4
4π2
(
4Ne
3e
)√6β (
k
aeH
)4−√6 β
Ne
∝ k2+s, (68)
where s = 2−√6 βNe is the so-called “anomalous slope,” introduced in Ref. [44]. For Ne = 60, we have s = 2− 0.04β,
which is very close to the result found numerically in Ref. [44].
To estimate the magnetic power spectrum we take into account that near the end of inflation af2 decreases very
quickly and the the term proportional to C2 in Eq. (24) dominates. The corresponding integral can be estimated as∫ t
tk
dt′
af2
∼ 1
aHf2
. (69)
Then,
dρB
d ln k
≃
(
k
aeH
)2
dρE
d ln k
∝ k4+s, (70)
which also is in agreement with Ref. [44].
However, the power spectra (68) and (70) are only applicable for relatively low momenta k≪ aeH and for shorter
modes more accurate expressions for fk, tk must be used. Moreover, when the strong backreaction regime takes place
the power spectra start to behave like that defined in Eq.(47).
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Figure 5. The time dependence of the electric energy density (a) and the inflaton field (b) for the Ratra coupling function with
β = 15. The blue solid lines show the case when the backreaction and the Schwinger effect are not taken into account; the
green dashed lines correspond to the case when the backreaction is included and the Schwinger effect is absent. Finally, the
red dotted lines take into account the Schwinger effect. The purple dashed-dotted line shows the time dependence of the total
energy density ρtot = 3H
2M2p .
In our numerical analysis, we use β = 15 so that the backreaction problem indeed takes place. Figure 5 shows the
time dependence of the energy density of the electric field [panel (a)] and the inflaton field [panel (b)]. The green
dashed lines correspond to the situation when the back reaction is taken into account and the Schwinger effect is
switched off. For comparison we also plot the corresponding dependencies for the case when the electromagnetic field
is a spectator field (i.e., it feels the background but does not backreact).
At the early stages of inflation the inflaton field is in the slow-roll regime and the coupling function also changes
slowly; namely, it behaves like a power function [see Eq. (64)]. Under such circumstances, the Hubble term in Eq. (20)
damps the evolution of the electric field energy density. It would tend to zero like a−4 if there were no boundary term
on the right-hand side, which describes the new modes which cross the horizon and give their contribution to the
electric energy density. Its presence leads to a dynamical equilibrium with electric energy density ρE ∼ H4/(16π2)
being almost constant at early times.
At a certain moment of time, the negative term 2(f˙ /f)ρE becomes larger in the absolute value than the positive
Hubble term 4HρE and the electric energy density starts growing. As it was shown in Sec. III, when it reaches
ρE,cr ∼ ǫρinf , the backreaction becomes very important and a new regime of evolution is established. The requirement
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that f ∝ a−2 in this regime significantly slows down the inflaton field and it deviates from its original trajectory.
Figure 5 shows that the backreaction changes drastically the end of inflation, making the inflaton slide towards the
minimum at φ = 0 without oscillations. This means the absence of the preheating stage in this case.
Taking into account the Schwinger effect resolves this problem (see the red dotted lines in Fig. 5). When the
Schwinger current becomes significant it quickly diminishes the electric field and its backreaction. Then the inflaton
field quickly rolls down to the potential minimum and oscillates. This helps us to restore the preheating stage, during
which different particles can be created due to the parametric resonance processes [65]. In addition, the Schwinger
effect by itself fills the Universe with created charged particles, implementing the Schwinger reheating scenario. This
can be seen from Fig. 6, where the energy density of created particles is shown by the green dashed-dotted line.
At the same time, we should note that the expression for the Schwinger current (35) was derived in de Sitter
space-time. Therefore, its application during the stage of preheating is not well justified.
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Figure 6. The time dependence of the electric energy density (blue solid line), the total energy density (red dashed line), and
the energy density of the charged particles generated due to the Schwinger process (green dashed-dotted line) for a Ratra
coupling function with β = 15. The time dependence of the magnetic energy density calculated perturbatively is shown by
the purple dots (without taking into account the Schwinger effect). The black dotted line shows the adiabatic evolution of the
magnetic energy density, ρB ∝ a
−4, after the Schwinger effect is turned on.
The magnetic field energy density can be calculated perturbatively. Figure 6 shows its time dependence in com-
parison with the electric energy density. The results confirm the applicability of the perturbative approach as the
magnetic energy density is indeed much smaller than the electric one. The figure shows clearly that after the back-
reaction becomes relevant the magnetic field begins to decrease in time. Purple dots show the time evolution of the
magnetic field energy density in the absence of the Schwinger effect. However, if the latter is present, then the high
conductivity of produced plasma leads to the adiabatic evolution of the magnetic field for which ρB ∝ a−4. This is
shown in Fig. 6 by the black dotted line.
Using the solutions of Eqs. (8), (9), and (20) as a background we numerically solve Eq. (16) for the electromagnetic
mode function for all modes which cross the horizon during inflation and calculate the power spectra of generated
electromagnetic fields. They are shown in Fig. 7 for three different values of the parameter β. As it was mentioned
above, in the early stages of inflation the electric energy density is small and it does not cause the backreaction.
For all the modes which cross the horizon at this stage the spectra have the same scaling with k as unperturbed
power spectra described by Eqs. (68) and (70); however, their amplitudes are damped in comparison to the free case
due to the backreaction which occurs later. When the coupling function starts to change faster, the power spectra
undergo significant enhancement. This is reflected in the peaks in power spectra in Fig. 7 and this also corresponds
to the fast increase of the electric and magnetic integral energy densities, which is shown in Fig. 6. Finally, when the
backreaction regime occurs the power spectra behave as predicted in Eq. (47). For larger values of β the backreaction
occurs earlier and the range of modes, which behave in such a manner, is wider.
Finally, from the known power spectra we can calculate the present-day value of the magnetic field using Eq. (48).
Figure 8 shows its dependence on β for two values of the number of e-folds from the pivot scale horizon crossing to
the end of inflation, N∗ = 50 (red dashed line) and N∗ = 60 (blue solid line). Note that not all modes make their
contributions to the present value of the magnetic field since not all of them can survive the cosmic diffusion at the
later stages of the evolution of the Universe.
For low values of the parameter β . 10 the backreaction does not occur at all and the power spectra behave like in
the unperturbed case considered in Ref. [44]. The magnetic field shows a steep growing dependence on β. However,
for larger values of β the backreaction has an impact on the spectra and the growth slows down. The magnetic field
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Figure 7. The electric (a) and magnetic (b) power spectra in the model with Ratra coupling function f = exp(βφ/Mp) for
β = 12, 18, and 25. Left shaded regions correspond to the modes which are outside the horizon even before the beginning of
inflation. Right shaded regions correspond to the modes which have not crossed the horizon even until the end of inflation and,
hence, do not undergo enhancement. The vertical black dashed lines show the momentum which corresponds to the cosmic
diffusion scale kdiff/a∗.
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Figure 8. The dependence of the present-day value of the magnetic field on parameter β for two numbers of e-folds from the
moment of the pivot scale horizon crossing to the end of inflation, N∗ = 50 (red dashed curve) and N∗ = 60 (blue solid curve).
has maximal value in the case when the peak in the magnetic power spectrum occurs for modes in the vicinity of the
cosmic diffusion scale kdiff . For N∗ = 60 this happens for β = 18− 22. For larger values of β the backreaction regime
sets much before the diffusion scale crosses the horizon and the modes which contribute to the magnetic field have
power spectrum ∝ k2. Therefore, the dependence of B0 tends to a constant given by Eq. (51). This can be seen as
plateaus for large β in Fig. 8.
Figure 8 shows that the generated magnetic field can be as large as 10−18 G. However, its blue spectrum with
nB = 4 + s for long wavelength modes and nB ≈ 2 for the shortest ones implies that the coherence length is very
small and is comparable with the cosmic diffusion scale, i.e. 1 A.U. For such magnetic fields the lower bound required
by the observations [9, 11–13] is Bmin ∼ 10−18(1A.U./1Mpc)−1/2G ∼ 5 · 10−13G. Thus, the theoretical prediction
gives much smaller value of the magnetic field than that experimentally observed.
V. CONCLUSIONS
In this work, we have studied how the backreaction of electric fields and the Schwinger effect influence the infla-
tionary magnetogenesis in the model with the standard kinetic coupling of the electromagnetic field to the inflaton
f2(φ)FµνF
µν and decreasing coupling function f(φ). Such a model leads to the generation of strong electric fields
which dominate over the magnetic ones and backreact on the inflationary dynamics. We derived the self-consistent
system of equations which describes the joint evolution of the scale factor, inflaton field, and electric field during
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inflation. We took into account also the cosmological Schwinger effect which turned out to be important at the end
of inflation, helping to finish the inflation stage and providing the mechanism of reheating which is complementary to
the usual scenario with fast inflaton oscillations. To the best of our knowledge, such a self-consistent description has
not been studied in the literature before.
In our analysis of the electromagnetic field evolution, it was assumed that the modes inside the horizon are described
by the quantum electromagnetic field state in the Bunch-Davies vacuum. The modes far outside the horizon can be
described classically, contributing to the electric and magnetic energy densities which can be associated with the
observed large-scale fields. As the Universe expands, more and more modes cross the horizon and contribute. We
took this fact into account through an additional boundary term in the equation for the electric energy density. The
role of this term is rather subtle. Since the equation for the superhorizon modes is classical and homogeneous, it
would imply only the trivial solution in the absence of this term which describes the quantum-to-classical transition.
The backreaction becomes important when the energy density of the electric field becomes as large as the product
ǫρinf of the slow-roll parameter ǫ and the inflaton energy density ρinf . After this, the electric energy density remains
almost constant until the end of inflation. The presence of such backreacting electric fields slows down the rolling of
the inflaton and prolongs inflation. For the modes that cross the horizon after the backreaction becomes important,
the electric power spectrum is scale-invariant and the magnetic one has a blue tilt with the spectral index nB = 2.
This behavior does not depend on the explicit form of the coupling function.
Although the Schwinger effect naively should be very important in the presence of electric fields, we found that this
is not the case. The point is that the Schwinger effect is tuned by the value of the effective charge eeff = e/f . At the
beginning of inflation when the electric field is weak and the coupling function is very large, f ≫ 1, the Schwinger
effect is not efficient and has no impact on the evolution of the inflaton and the electromagnetic fields. It becomes
important at the late stage when the inflaton field is close to the potential minimum and the coupling function f → 1.
In this case, the Schwinger current leads to a quick dissipation of the electric field due to the high conductivity of the
produced plasma. The magnetic field becomes “frozen-in” and evolves in accordance with the flux conservation law.
The energy density of the produced particles becomes comparable with the inflaton energy density. Therefore, the
Schwinger effect starts to reheat the Universe even before the fast oscillations of the inflaton. Thus, we confirm that
the Schwinger reheating previously discussed in Ref. [55] can help in filling the Universe with particles.
However, this does not necessarily mean the completion of reheating and does not exclude the possibility of the
standard reheating mechanisms, such as parametric resonance processes (narrow, broad, and stochastic) [65] or per-
turbative decay of the inflaton, because even after the Schwinger effect turned on the inflaton field still oscillates in
its potential minimum. To find out what mechanism is the most effective one has to extend the time evolution to the
preheating stage and to include the interaction with other fields. However, the applicability of our theory is not well
justified during the preheating stage. First of all, since the electric energy density has been strongly reduced due to
the Schwinger process, the large field approximation for the Schwinger current given by Eq. (35) is no longer correct.
The low field expressions (30)–(31) depend on the renormalization scheme and have, according to the studies in the
literature, such features as the negative conductivity or the infrared hyperconductivity which are rather questionable
from the physical point of view. Finally, expressions (30)-(31) were obtained in the de Sitter space-time for the con-
stant electric field and cannot be used during the preheating stage. Therefore, an appropriate study of the Schwinger
reheating requires the use of the correct expressions for the Schwinger current.
In our analysis, we used the expressions for the Schwinger current obtained in the case of a constant and homogeneous
electric field in de Sitter space-time [48, 52]. In Ref. [62] it was shown that in the quasiclassical approximation the
current has a behavior similar to that in the case of a constant electric field, which implies that our analysis is correct
at least qualitatively. Nevertheless, the most accurate approach describing the self-consistent evolution of the electric
field and particles produced due to the Schwinger effect is possible to realize only in the framework of the kinetic
theory. However, this lies far away from the scope of our article and should be addressed elsewhere.
The magnetic field energy density is subdominant compared to the electric one. Therefore, one can neglect it when
solving the background equations. Using the inflaton and scale factor time dependencies, we integrate the equation for
the electromagnetic field mode function and compute the magnetic power spectrum. Such a perturbative approach can
be justified because the calculated magnetic energy density is much less than the background electric energy density.
Having determined the magnetic power spectrum we estimated the value of the magnetic field at the present epoch.
We took into account that after the end of inflation the magnetic field evolves according to the flux conservation law,
i.e. B ∝ a−2, and integrated the power spectrum over all modes, which can survive the cosmic diffusion during the
late stages on Universe evolution. The last mode which gives the contribution has the wavelength ∼ 1A.U. at the
present time [2].
Were the Schwinger effect absent, the evolution of the magnetic field energy density could be determined pertur-
batively during the preheating stage as it was done during inflation. Later, during the reheating stage the Universe
becomes filled with all sorts of particles and particularly charged ones. Therefore, due to high conductivity the electric
field disappears and the magnetic one starts to evolve like B ∝ a−2. The role of the Schwinger effect, therefore, is
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to turn on this regime earlier, near the end of inflation. As a result, the present-day value of the magnetic field may
be reduced at most by a factor of e−2∆Nr , where ∆Nr is the number of e-folds between the end of inflation and the
beginning of reheating, i.e., the duration of preheating.
We studied numerically the generation of electromagnetic fields in the Starobinsky inflationary model for two types
of coupling functions: (i) the powerlike f ∝ aα and (ii) the Ratra-type f = exp(βφ/Mp). Magnetogenesis in the
kinetic coupling model with a powerlike coupling function was considered previously in Ref. [40], where it was shown
that the backreaction takes place for α < −2.2 and should be included self-consistently in analysis. We showed that
the backreaction becomes important when ρE ∼ ǫρinf ≪ ρinf and the unperturbed calculation becomes inapplicable
even earlier, for α < −2.1. Moreover, we extended the analysis for all negative values of α and showed that the
present-day value of the magnetic field cannot exceed 10−22G, which is still too small to explain the observational
data. We numerically confirm the results of Ref. [41] showing that for all α < −2 in the backreaction regime the
electromagnetic power spectra are similar to the case α = −2 (the so-called attractor) and this is the reason for strong
suppression of the magnetic field.
For the second type of coupling function, the rapid enhancement of the electromagnetic fields occurs only at the
late stage of inflation when the inflaton field starts to deviate from the slow-roll regime. Although the spectral
index for the modes which contribute to the observed value of the magnetic field is determined by the free dynamics
without backreaction and is equal to nB = 6 −
√
6β/Ne, the amplitude of the spectrum is damped due to the
backreaction. In the most favorable situation, when the physically relevant modes cross the horizon at the time when
the coupling function decreases faster than a−2, the strength of the present-day magnetic field can reach ∼ 10−18G.
However, the spectrum of this field has a blue tilt that leads to a small coherence length comparable with the
cosmic diffusion scale, i.e. ∼ 1A.U. For such magnetic fields the lower bound required by the observations [9, 11–
13] is Bmin ∼ 10−18(1A.U./1Mpc)−1/2G ∼ 5 · 10−13G. Therefore, the theoretical prediction lies well below the
observational limit.
It is known that the electric fields produced in magnetogenesis models induce the curvature perturbations during
inflation and they can give tight constraints on the models from the CMB observations. These constraints on the
kinetic coupling models have been studied in the literature (e.g. [66, 67]). Since the electric spectrum has a large
power on the CMB scale in Fig. 3, this case may be excluded by this argument. However, the calculation of the
curvature perturbation power spectrum in the strong backreaction regime deserves a separate investigation and lies
outside the scope of our article.
In our work, we considered only the case of kinetic coupling between the inflaton and the electromagnetic field
and showed that the backreaction from the electric fields strongly suppresses magnetogenesis. This makes the kinetic
coupling model unfavorable in contrast to the case of axion coupling of the pseudoscalar inflaton ϕ via the term
L ∝ ϕFµν F˜µν , where F˜µν is the dual electromagnetic tensor [68]. This case seems to be promising because it generates
the helical magnetic fields [35, 68–70], which are more stable against dissipation and their coherence length can be
increased due to the inverse cascade process [71–77]. Nevertheless, this scenario also suffers from the backreaction
problem [78] and it would be interesting to implement our equations in this case. We plan to address this issue in
future studies.
ACKNOWLEDGMENTS
The work of S. I. V. is supported partially by the Swiss National Science Foundation, Grant No. SCOPE IZ7370-
152581. S. I. V. is grateful to the Swiss National Science Foundation (individual Grant No. IZKOZ2-154984). The
work of S. I. V. and O. O. S. is supported by the Department of Targeted Training of Taras Shevchenko National
University of Kyiv under the National Academy of Sciences of Ukraine, project 6F-2017. S. I. V. is grateful to
Professor Marc Vanderhaeghen and Dr. Vladimir Pascalutsa for their support and kind hospitality at the Institut fu¨r
Kernphysik, Johannes Gutenberg-Universita¨t Mainz, Germany, where part of this work was done. The work of E.V.G.
was supported partially by the Ukrainian State Foundation for Fundamental Research. The work of O. O. S. was
supported in part by the European Research Council, Grant No. AdG-2015 694896. O. O. S. is grateful to Professor
Mikhail Shaposhnikov for his kind hospitality at the Institute of Physics, E´cole Polytechnique Fe´de´rale de Lausanne,
Switzerland, where the final part of this work was done.
[1] P.P. Kronberg, Extragalactic magnetic fields, Rep. Prog. Phys. 57, 325 (1994).
[2] D. Grasso and H.R. Rubinstein, Magnetic fields in the early Universe, Phys. Rep. 348, 163 (2001).
20
[3] L.M. Widrow, Origin of galactic and extragalactic magnetic fields, Rev. Mod. Phys. 74, 775 (2002).
[4] M. Giovannini, The magnetized Universe, Int. J. Mod. Phys. D 13, 391 (2004).
[5] A. Kandus, K.E. Kunze, and C. G. Tsagas, Primordial magnetogenesis, Phys. Rep. 505, 1 (2011).
[6] R. Durrer and A. Neronov, Cosmological magnetic fields: their generation, evolution and observation,
Astron. Astrophys. Rev. 21, 62 (2013).
[7] K. Subramanian, The origin, evolution and signatures of primordial magnetic fields, Rep. Prog. Phys. 79, 076901 (2016).
[8] M. Giovannini, Probing large-scale magnetism with the Cosmic Microwave Background,
Class. Quant. Grav. 35, 084003 (2018).
[9] A. Neronov and I. Vovk, Evidence for strong extragalactic magnetic fields from Fermi observations of TeV blazars,
Science 328, 73 (2010).
[10] F. Tavecchio, G. Ghisellini, L. Foschini, G. Bonnoli, G. Ghirlanda, and P. Coppi, The intergalactic magnetic field constrained
by Fermi/LAT observations of the TeV blazar 1ES 0229+200, Mon. Not. R. Astron. Soc. 406, L70 (2010).
[11] A.M. Taylor, I. Vovk, and A. Neronov, Extragalactic magnetic fields constraints from simultaneous GeV-TeV observations
of blazars, Astron. Astrophys. 529, A144 (2011).
[12] C.D. Dermer, M. Cavadini, S. Razzaque, J.D. Finke, J. Chiang, and B. Lott, Time delay of cascade radiation for TeV
blazars and the measurement of the intergalactic magnetic field, Astrophys. J. Lett. 733, L21 (2011).
[13] C. Caprini and S. Gabici, Gamma-ray observations of blazars and the intergalactic magnetic field spectrum,
Phys. Rev. D 91, 123514 (2015).
[14] P. A. R. Ade et al. (Planck Collaboration), Planck 2015 results. XIX. Constraints on primordial magnetic fields,
Astron. Astrophys. 594, A19 (2016).
[15] D.R. Sutton, C. Feng, and C.L. Reichardt, Current and future constraints on primordial magnetic fields,
Astrophys. J. 846, 164 (2017).
[16] K. Jedamzik and A. Saveliev, A stringent limit on primordial magnetic fields from the cosmic microwave backround radi-
ation, arXiv:1804.06115 [astro-ph.CO].
[17] D. Paoletti, J. Chluba, F. Finelli, and J.A. Rubino-Martin, Improved CMB anisotropy constraints on primordial magnetic
fields from the post-recombination ionization history, arXiv:1806.06830 [astro-ph.CO].
[18] J.D. Bray and A.M.M. Scaife, An upper limit on the strength of the extragalactic magnetic field from ultra-high-energy
cosmic-ray anisotropy, Astrophys. J. 861, 3 (2018).
[19] L. Biermann, U¨ber den ursprung der magnetfelder auf sternen und im interstellaren raum. (About the origin of the magnetic
fields on stars and in the interstellar space), Z. Naturforsch. A5, 65 (1950).
[20] R.E. Pudritz and J. Silk, The origin of magnetic fields and primordial stars in protogalaxies, Astrophys. J. 342, 650 (1989).
[21] N.Y. Gnedin, A. Ferrara, and E.G. Zweibel, Generation of the primordial magnetic fields during cosmological reionization,
Astrophys. J. 539, 505 (2000).
[22] Ya.B. Zeldovich, A.A. Ruzmaikin, and D.D. Sokoloff, Magnetic Fields in Astrophysics (Gordon and Breach, New York,
1990).
[23] H. Lesch, M. Chiba, Protogalactic evolution and magnetic fields, Astron. Astrophys. 297, 305 (1995).
[24] R. Kulsrud, S.C. Cowley, A.V. Gruzinov, and R. N. Sudan, Dynamos and cosmic magnetic fields,
Phys. Rep. 283, 213 (1997).
[25] S.A. Colgate and H. Li, The origin of the magnetic fields of the universe: The plasma astrophysics of the free energy of
the Universe, Phys. Plasmas 8, 2425 (2001).
[26] C.J. Hogan, Magnetohydrodynamic effects of a first-order cosmological phase transition, Phys. Rev. Lett. 51, 1488 (1983).
[27] J.M. Quashnock, A. Loeb, and D.N. Spergel, Magnetic field generation during the cosmological QCD phase transition,
Astrophys. J. 344, L49 (1989).
[28] T. Vachaspati, Magnetic fields from cosmological phase transitions, Phys. Lett. B 265, 258 (1991).
[29] B.-L. Cheng and A.V. Olinto, Primordial magnetic fields generated in the quark-hadron transition,
Phys. Rev. D 50, 2421 (1994).
[30] G. Sigl, A.V. Olinto, and K. Jedamzik, Primordial magnetic fields from cosmological first order phase transitions,
Phys. Rev. D 55, 4582 (1997).
[31] J. Ahonen and K. Enqvist, Magnetic field generation in first order phase transition bubble collisions,
Phys. Rev. D 57, 664 (1998).
[32] M.S. Turner and L.M. Widrow, Inflation-produced, large-scale magnetic fields, Phys. Rev. D 37, 2743 (1988).
[33] B. Ratra, Cosmological ‘seed’ magnetic field from inflation, Astrophys. J. 391, L1 (1992).
[34] L. Parker, Particle creation in expanding universes, Phys. Rev. Lett. 21, 562 (1968).
[35] W. D. Garretson, G. B. Field, and S. M. Carroll, Primordial magnetic fields from pseudo Goldstone bosons,
Phys. Rev. D 46, 5346 (1992).
[36] A.D. Dolgov, Breaking of conformal invariance and electromagnetic field generation in the Universe,
Phys. Rev. D 48, 2499 (1993).
[37] M. Giovannini, Variation of the gauge couplings during inflation, Phys. Rev. D 64, 061301 (2001).
[38] K. Bamba and J. Yokoyama, Large-scale magnetic fields from inflation in dilaton electromagnetism,
Phys. Rev. D 69, 043507 (2004).
[39] J. Martin and J. Yokoyama, Generation of large scale magnetic fields in single-field inflation,
J. Cosmol. Astropart. Phys. 01, 025 (2008).
[40] V. Demozzi, V.M. Mukhanov, and H. Rubinstein, Magnetic fields from inflation?,
21
J. Cosmol. Astropart. Phys. 08, 025 (2009).
[41] S. Kanno, J. Soda, and M. Watanabe, Cosmological magnetic fields from inflation and backreaction,
J. Cosmol. Astropart. Phys. 12, 009 (2009).
[42] R.J.Z. Ferreira, R.K. Jain, and M.S. Sloth, Inflationary magnetogenesis without the strong coupling problem,
J. Cosmol. Astropart. Phys. 10, 004 (2013).
[43] R.J.Z. Ferreira, R.K. Jain, and M.S. Sloth, Inflationary magnetogenesis without the strong coupling problem II: Constraints
from CMB anisotropies and B-modes, J. Cosmol. Astropart. Phys. 06, 053 (2014).
[44] S. Vilchinskii, O. Sobol, E.V. Gorbar, and I. Rudenok, Magnetogenesis during inflation and preheating in the Starobinsky
model, Phys. Rev. D 95, 083509 (2017).
[45] R. Sharma, S. Jagannathan, T.R. Seshadri, and K. Subramanian, Challenges in inflationary magnetogenesis: Constraints
from strong coupling, backreaction, and the Schwinger effect, Phys. Rev. D 96, 083511 (2017).
[46] J. Schwinger, On gauge invariance and vacuum polarization, Phys. Rev. 82, 664 (1951).
[47] M.B. Fro¨b, J. Garriga, S. Kanno, M. Sasaki, J. Soda, T. Tanaka, and A. Vilenkin, Schwinger effect in de Sitter space,
J. Cosmol. Astropart. Phys. 04, 009 (2014).
[48] T. Kobayashi and N. Afshordi, Schwinger effect in 4D de Sitter space and constraints on magnetogenesis in the early
Universe, J. High Energy Phys. 10, 166 (2014).
[49] E. Bavarsad, C. Stahl, and S.-S. Xue, Scalar current of created pairs by Schwinger mechanism in de Sitter spacetime,
Phys. Rev. D 94, 104011 (2016).
[50] C. Stahl, E. Strobel, and S.-S. Xue, Fermionic current and Schwinger effect in de Sitter spacetime,
Phys. Rev. D 93, 025004 (2016).
[51] C. Stahl and S.-S. Xue, Schwinger effect and backreaction in de Sitter spacetime, Phys. Lett. B 760, 288 (2016).
[52] T. Hayashinaka, T. Fujita, and J. Yokoyama, Fermionic Schwinger effect and induced current in de Sitter space,
J. Cosmol. Astropart. Phys. 07, 010 (2016).
[53] T. Hayashinaka and J. Yokoyama, Point splitting renormalization of Schwinger induced current in de Sitter spacetime,
J. Cosmol. Astropart. Phys. 07, 012 (2016).
[54] R. Sharma and S. Singh, Multifaceted Schwinger effect in de Sitter space, Phys. Rev. D 96, 025012 (2017).
[55] W. Tangarife, K. Tobioka, L. Ubaldi, and T. Volansky, Dynamics of relaxed inflation, J. High Energy Phys. 02, 084 (2018).
[56] E. Bavarsad, S.P. Kim C. Stahl, and S.-S. Xue, Effect of a magnetic field on Schwinger mechanism in de Sitter spacetime,
Phys. Rev. D 97, 025017 (2018).
[57] T. Hayashinaka and S.-S. Xue, Physical renormalization condition for de Sitter QED, Phys. Rev. D 97, 105010 (2018).
[58] T. Hayashinaka, Analytical Investigation into Electromagnetic Response of Quantum Fields in de Sitter Spacetime, Ph.D.
thesis, University of Tokyo, 2018.
[59] C. Stahl, Schwinger effect impacting primordial magnetogenesis, arXiv: 1806.06692 [hep-th].
[60] J.-J. Geng, B.-F. Li, J. Soda, A. Wang, Q. Wu, and T. Zhu, Schwinger pair production by electric field coupled to inflaton,
J. Cosmol. Astropart. Phys. 02, 018 (2018).
[61] M. Giovannini, Spectator electric fields, de Sitter spacetime, and the Schwinger effect, Phys. Rev. D 97, 061301 (2018).
[62] H. Kitamoto, Schwinger effect in inflaton-driven electric field, arXiv: 1807.03753 [hep-th].
[63] D. H. Lyth, D. Seery, Classicality of the primordial perturbations, Phys. Lett. B 662, 309 (2008).
[64] Y. Akrami et al. (Planck Collaboration), Planck 2018 results. X. Constraints on inflation, arXiv: 1807.06211 [astro-ph.CO].
[65] L. Kofman, A. Linde, A.A. Starobinsky, Towards the theory of reheating after inflation, Phys. Rev. D 56, 3258 (1997).
[66] N. Barnaby, R. Namba, and M. Peloso, Observable non-Gaussianity from gauge field production in slow roll inflation, and
a challenging connection with magnetogenesis, Phys. Rev. D 85, 123523 (2012).
[67] T. Fujita and S. Yokoyama, Higher order statistics of curvature perturbations in IFF model and its Planck constraints,
J. Cosmol. Astropart. Phys. 09, 009 (2013).
[68] R. Durrer, L. Hollenstein, and R.K. Jain, Can slow roll inflation induce relevant helical magnetic fields?,
J. Cosmol. Astropart. Phys. 03, 037 (2011).
[69] M.M. Anber and L. Sorbo, N-flationary magnetic fields, J. Cosmol. Astropart. Phys. 10, 018 (2006).
[70] C. Caprini and L. Sorbo, Adding helicity to inflationary magnetogenesis, J. Cosmol. Astropart. Phys. 10, 056 (2014).
[71] M. Joyce and M.E. Shaposhnikov, Primordial magnetic fields, right-handed electrons, and the Abelian anomaly,
Phys. Rev. Lett. 79, 1193 (1997).
[72] J. Cornwall, Speculations on primordial magnetic helicity, Phys. Rev. D 56, 6146 (1997).
[73] A. Boyarsky, J. Fro¨hlich, and O. Ruchayskiy, Self-consistent evolution of magnetic fields and chiral asymmetry in the early
Universe, Phys. Rev. Lett. 108, 031301 (2012).
[74] M. Sydorenko, O. Tomalak, and Yu. Shtanov, Magnetic fields and chiral asymmetry in the early hot Universe,
J. Cosmol. Astropart. Phys. 10, 018 (2016).
[75] A. Boyarsky, J. Fro¨hlich, and O. Ruchayskiy, Magnetohydrodynamics of chiral relativistic fluids,
Phys. Rev. D 92, 043004 (2015).
[76] E.V. Gorbar, I.A. Shovkovy, S. Vilchinskii, I. Rudenok, A. Boyarsky, and O. Ruchayskiy, Anomalous Maxwell equations
for inhomogeneous chiral plasma, Phys. Rev. D 93, 105028 (2016).
[77] E.V. Gorbar, I. Rudenok, I.A. Shovkovy, and S. Vilchinskii, Anomaly-driven inverse cascade and inhomogeneities in a
magnetized chiral plasma in the early Universe, Phys. Rev. D 94, 103528 (2016).
[78] V. Domcke and K. Mukaida, Gauge field and fermion production during axion inflation, arXiv: 1806.08769 [hep-ph].
